The decomposition of nonlinear output feedback control into an observer and a state feedback control is an open problem. A solution for dynamic positioning of ships has been proposed in 1] and 2], where an observer-based backstepping method is used.
I. Introduction
We are using the problem formulation and notation from 1] motivated by the application to ship model dynamics. We propose an extension of the results in 1], which covers the case of unstable sway-yaw dynamics, which are prevalent among e.g. large tankers.
A. Kinematics & Dynamics
An earth-xed frame is used for the ship position (x; y) and the yaw angle while the surge, sway, and yaw velocities (u; v; r) refer to a body-xed frame. With = are all constant matrices. 1 The matrix K represents the mooring forces and is the control vector of forces from the thruster system. For a more complete model description, see 1], 2], and the references therein.
II. Observer Design and Analysis
In this section we rst look at the observer structure proposed in 1], 2] and then extend the design procedure for the observer gains when the system matrix A 2 is nonHurwitz. A detectability condition is stated.
A. Nonlinear Observer
The design proposed in 1] is based on the assumption that only is available for measurements and includes the observer structure _ = J( )^ + K 1~ _ = A 1^ + A 2^ + B + K 2~ (4) with the resulting error dynamics (18) with the claim that both Q 2 and P 2 should be positive de nite symmetric matrices, this stability argument does not hold if A 2 is not Hurwitz.
C. Observer Design
We will now relax the Hurwitz condition on A 2 , and show how a globally exponentially stable observer still can be found.
Consider the Lyapunov function candidate V obs =x T Px where
For a constant P, we have To show that Q is negative de nite, we will show that we can nd K 1 and K 2 such that Q 2 < 0, Q 12 = 0 and nally Q 1 < 0. 
is Hurwitz, where (P ?1 2 ) (:;3) denotes the last column in P ?1 2 , i.e., the pair (C 2 ; A 2 ) should be detectable. Note 1: We can always choose (P ?1 2 ) (3;3) > 0 since we have freedom in k to change sign. Positive de niteness of P 2 can be achieved as we only have constraints on its last column through (10). Furthermore, we choose the same block structure for P 2 as in A 2 (see eq.3), which simpli es the analysis below. Note 2: As there is no coupling between the surge and the sway-yaw system in the ship model dynamics, the detectability condition constrains us to the model class with stable surge dynamics, but this is not any restriction for ships due to the dissipative forces of the water. Now consider
We can always choose K 2 = K 2 ( ) such that Q 12 vanishes. We are left with the condition Q 1 < 0. Since
; (12) we have a coupling between (11) and (12) as our choice of K 2 depends on P 1 and K 1 . 9k 11 such that Q 1 < 0 ;8p 11 > 0:
Finally, as we have freedom to choose the coe cients in P 1 , we can always choose them so that the Schurcomplement P 1 ? P 12 P ?1 2 P T 12 > 0, which together with P 2 > 0 implies P > 0.
We have shown that V obs is a global Lyapunov function for the observer error dynamics (5). In contrast to the results in 1], our Q 1 = Q 1 ( ) is not constant. However, when solving for the elements of K 1 ( ), we can design with respect to a constant matrix which constitutes an upper bound for Q 1 . By subtracting any constant, negative de nite, diagonal matrix, say Q 1C , there still always exists k 33 ; k 22 ( ), and k 11 ( ) such that the conditions in eq. (13) In the observer backstepping procedure of 1] a constant observer gain matrix K 1 was used. It shows up in the term K 1~ and is handled as a disturbance and compensated for by adding damping in the backstepping procedure, see e.g. 3], 4]. For a non-Hurwitz A 2 , the proposed observer design above will give a nonlinear observer-gain matrix K 1 ( ), but as the nonlinear elements in K 1 ( ) (sinusoidal functions) are upper bounded, this does not cause any problem in the subsequent design or analysis.
IV. Conclusions
The nonlinear output feedback problem stated in 1], 2] was not completely solved. A remedy to the case of a nonHurwitz system matrix A 2 has been presented under the condition of ( 0 0 1 ; A 2 ) being detectable. Still, also with the remedy proposed, it is not possible to handle models with unstable surge dynamics, due to the structure of decoupling in the system. The observer design presented will coincide with that of 1], 2] for the Hurwitz case. The observer backstepping procedure proposed in 1] still holds for our choice of gain matrices, which renders a globally exponentially stable nonlinear control law.
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